
 

Lecture

In this lecture we'll study about Normal

subgroups and Quotient groups
Recall from Lec 9 that j G is a group and

HLG then AH might not be equal to Ha

It turns out that when AH Ha forall atG
then those subgroups H are extremely import
ant This was observed by Galois around 200

years ago when
he was just 18

Definition NormalSubgroup

A subgroup H E G is called a normal subgroup

ig AH Ha f a c G We denote this by HAG

Demaria Note that all Ha means that g we



look at ah forheH then F an element h'c H

such that ah ha h might be same as

h but we cannot guarantee that

Just like the subgroup test we have a

normal subgroup test for checking if a subgroupis
normal or not Infact there are manyequivalentformulations of the definition of anormal
subgroup and we'll see some of them

NormalSubgrouptest
theorem Let HE G Then H N G if andonlyyi
AHa E H t a e G

Demaris Note that a Ha k aha he H



Proof D Suppose HAG This means that

AH Ha Ha CG

Let aha I e a Ha L Since ah h'a for some h
D aha k h'a a h'EH

A Suppose AHA E H H AE G We want to

prove that aH Ha tat G

Since all a E H a Ha D a e Ha

AHE Ha

On the other hand aTH D E H

A Ha EH a a Ha e AH

Ha Eat

So Ha AH
HI

Exampies
let G be an abelian group Then every

subgroup of G is a normal subgroup



Let G be a group and consider the center of the

group 2 G Then 2 G d G Prove this

Consider Sn Then the alternating group An

consisting of even permutations lie Sn is a normal
subgroup It's pretty easy to see if we use the

normal subgroup test and the fact that the
Inverse of an odd or even permutation remains

an odd respectively even permutation

Consider Dn the dihedral group oforder 2h
The subgroup ofDn consisting only of rotations
is a normal subgroup of Dn

Again recall from Lec 9 that Ha or aH might
not be a subgroupof G even though It is



So g HE G and K EG then HK hk heH Kek

might not be a subgroup of G even though
both H and K are The next theorem guarantees

when HK is a subgroup

Theorem2 Let Hd G and K E G Then HK EG

Proof On Assignment 3

Another important property of normal subgroups
is that if a subgroup is normal then the set
of it's cosets left or right is itself a group
called the quotient group
To understand this let's see some examples



Excel Consider 21 and its subgroup

321 What are the left cosets of 321
They are

0 321 0 I 3 I 6

I 1321 i 5 2 1,4

2 321 i 4 L 2 5

These are the only left cosets of 321 becau
se g KE 21 and we look at k 1321 then

we first write 12 3 qtr 8 0,1 or 2

Then 12 21 391 2 321 r 1321 as

3g C 321
So the set of left cosets of 32in 21 is

F O 1321 I 132 2 321



We can make F into a group by defining
321 t b 1321 at b 321

One can check that F is a group with this

operation Note that 3214 2

This is happening because of the following
theorem which we'll prove in the next lecture

theorem's Quotient Group

Let G be a group and H be a normal subgroup

of G The set
Ga a H latG is a group under the

operation att BH ab H

Ga is called a quotient or factor group



Exercise Consider Da and consider the center

of Dg Ro Riso's Find all the left cosels

of 2 Dg in Dg Show that this is a group
with the operation given in the abovetheorem

Note that 2 Dy d Dq
Take any other subgroup of Dq which is not
normal and show that the theorem3 fails
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